Introduction
Many radiation harnessing applications, in principle, acquire their scattering properties through their building-block constituents. This can be seen as a demonstration of the emergence principle in electromagnetics [1] . The scattering properties of a single scatterer are crucial to understanding and reinventing all the emergent phenomena and in the design of novel composites with exotic and on-demand functionalities. Subsequently, the material and morphological setup plays an essential role in this direction.
Apart from the plethora of light control applications that use these emerging collective effects [2] , also individual resonating particles exhibit a great variety of interesting physical properties and mechanisms, e.g., Fano resonances and enhanced Purcell factors in single particles and nanoantennas [3, 4] . Given a certain plasmonic material, such as gold or silver, at the optical-IR range, the study of the enabled physical mechanisms reduces to the study of the morphological effects over the scattering mechanisms within the classical electrodynamic domain. For instance, a sphere and an infinite circular cylinder are canonical examples of particles for which there exists great amount of electromagnetic scattering analysis [5, 6] . These are two of the very few examples that allow a closed-form analytical solution through either electrostatic or electrodynamic scattering approach; an ocean of analytically unsolvable particles remains unexplored.
One characteristic example of a particle with very interesting properties without, for the moment, a closed-form solution is the cube. Cubes can grow either naturally or through sophisticated artificial
Superquadric Surfaces and the Cube
The systematic analysis of arbitrarily shaped scatterers with a potential-based (electrostatic) integral-equation methodology requires the proper discretization of the scatterer's surface [12] . In modern computer graphics, computer vision, and pattern recognition sciences there is an important family of parametric surfaces, so-called superquadric surfaces.
Originally, two-dimensional superelliptical curves (Lamé curves) where first described by Lamé [31, 32] . In the 1960s, Hein introduced the surface equivalent of the Lamé curves for 3D design purposes. He named these surfaces superellipsoids or superspheres [32, 33] . In 1981, Barr generalized the notion of superellipses in a more systematic way to the general family of superquadrics [32, [34] [35] [36] ].
An even more general family that includes the superquadric surfaces are the hyperquadrics, introduced by Hanson in 1988 for computer graphic applications [37] .
A superquadric shape can be straightforwardly generated by the following expression
where x, y, and z are the Cartesian coordinates, p is the rounding factor, and a, b, c are the axis scaling factors. Let us focus on the case a = b = c = d/2, where d is the diameter of a sphere. For p = 1 we obtain a sphere, p ! ¥ defines a cube, and the range between p 2 (1, +¥) gives a form that resembles a "rounded cube", as illustrated in Figure 1 . Important geometric properties of these surfaces are the cross sectional area (along the Cartesian axes u x , u y , u z ) and volume. The expression for the area of a superquadric of diameter d is
where B is the beta function. For p = 1 we have C g = pd 2 /4, since B(0.5, 1.5) = p/2. Similarly, the volume reads
Again, p = 1 gives the volume of a sphere, V = pd 3 /6, since B(1, 1.5) = 2/3 and B(0.5, 0.5) = p.
p=2.5 p=15 p=50 Figure 1 . The transformations of a superquadric sphere for increasing values of the rounding factor p.
The bottom left and bottom right cases depict the studies cases used in this work: a "smooth" p = 15 and a "sharp" p = 50 cube. The figure indicates a constant z-directed electrostatic excitation E = E 0 u z .
A more intuitive picture of the p-dependence for both the area and the volume of the superquadrics for the limiting cases can be derived by inspecting the approximative expressions of (2) and (3). Table 1 summarizes the first Taylor expansion terms for the two characteristic cases, i.e., a sphere (p = 1) and a cube (p ! ¥). The aforementioned superquadric surface parametrization enables the study of a whole family of shapes that can be defined continuously for different values of the power factor. In the following we compute the electrostatic (plasmonic) polarizability spectra of two particular cases, i.e., a smooth and a sharp version of a rounded cube with p = 15 and p = 50, respectively (Figure 1) .
In previous works rounded cubes have been simulated: Zhang et al. [13] and Cortie et al. [14] calculated the spectrum of a smooth cube. For example, Cortie analyzed a superquadric cube with p = 10. On the other hand, Hung et al. [15] and Klimov et al. [16] simulated sharp versions of the cube. Therefore, the choice of both p = 15 and p = 50 covers fairly well the aforementioned cases.
For both cases considered in this work we implement two meshing schemes in the discretization of the integral equation, i.e., a regularly distributed mesh and an edge-vertex refined one. These can be seen in the insets in Figures 2 and 3 . These meshes contain the same amount of elements distributed in two different ways: (a) the elements of the regular mesh are distributed uniformly while (b) the refined mesh incorporates more elements closer to the edges and vertices of the cube. This choice can help us to uncover any mesh-related features, such as any differences of the surface potential distribution or resonant shifting effects. . Note also the disagreement of the C 3 resonance between the smooth case ( Figure 2 ) and the sharp case (here) [15] . The observed inconsistencies provide evidence that the higher-order modes residing at # 2 ( 3, 1) are sensitive to both the mesh and the sharpness of the cube.
Likewise, Figures 2 and 3 also depict the polarizability of the cube as a function of the permittivity, and the surface potential distribution of each of the four cases. The polarizability spectra contain rich resonant structure. The position of the resonances for all cases are summarized in Table A1 available in the Appendix A.
All results are extracted for an ideal lossless case. Hence the sweep parameter is the relative permittivity of the cube #, which is a real number. Admittedly, this is a simplification, since in many realistic cases the plasmonic resonances occur in lossy and dispersive materials. Here we denote this fact by representing the permittivity either as # or as <f#(w)g. However, the lossless electrostatic analysis presented here embraces the plasmonic resonances adequately, exposing the main resonant features. This is supported by the fact that the plasmonic resonances occur in deeply subwavelength scatterers. Hence the electrostatic approximation effectively captures these resonant effects.
Case p = 15
The results for a smooth cube are shown in Figure 2 . There, we observe the existence of at least six resonances, namely C 1 -C 6 , within the # 2 [ 5, 0] interval. In addition, one can observe extra resonances between C 3 and C 5 peaks. For both meshes the number of used elements was 17 per edge, while the # sweep parameter included 600 values, i.e., a step with width of 0.0083. For this case the regular and refined meshes lead to similar spectra and similar surface potential distributions.
The first observed resonance (C 1 ) clearly corresponds to a potential distribution of a dipole which is the most dominant mode, verified multiple times in the literature. Since resonances C 2 and C 3 reveal a distribution along the edges of the cube, all C 1 -C 3 can be categorized within the same edge-type of resonances. The C 4 resonance exhibits both edge and face variations, i.e., an edge-face (or edge-hedra) type, while the resonances C 5 and C 6 exhibit no edge variations but rather only face-type variations. These observations lead to a simple categorization based on the exhibited type of variations. The reported resonances are excited by a constant field. Different types of excitations can reveal different types of resonances, see for example the dark mode analysis in [13] . An excitation independent eigenmode analysis can expose the possible solutions for any possible excitation [38, 39] .
Case p = 50
The polarizability spectrum, the surface potential distribution, and the two different meshes for the sharper cube (p = 50) are depicted in Figure 3 . As before, we observe at least six prominent polarization enhancement peaks. Comparison between the smooth and sharp cube exposes two different shifts of the resonances. The observed resonances below # = 1, namely the clustering point, shift towards lower # values (redshift) while resonances above # = 1 shift to larger # values (blueshift). The # = 1 point is here denoted as the clustering point, the point where an infinite number of higher-order multipoles (theoretically) accumulate for the case of a sphere [6, 16, 40] . This shift is related to the sharpness of the cube, since smoother superquadrics deliver a spectrum closer to a sphere, while sharper superquadrics approach the spectrum of a perfect cube.
A perfect cube (p ! ¥), however, is a rather unrealistic case. First, even for finely constructed (grown) cubes, there is always a finite edge-vertex curvature due to molecular and atomic considerations. From a numerical point of view, an extremely sharp corner introduces certain modeling difficulties, and hence special remedies should be considered (see for example the discussions in [24, 41] and the references therein).
The polarizability spectra of the p = 50 cube are different for the two considered meshes (Figure 3 ), since the refined mesh gives a shifted version of the spectrum versus the regular one. As a reminder both meshes contain the same number of elements (17) per edge. One possible interpretation of this result is that the edge-vertex refined mesh contains more elements at the vicinity of the edges and vertices, thus enhancing the numerical accuracy over regions where strong variations on the surface potential distributions occur. On the other hand, extremely sharp corners consisting of negative permittivity pose severe numerical difficulties regarding their numerical modeling [42] .
A comparison between the surface potential distribution on the regular and refined meshes reveals another, mesh-related, discrepancy. The fields of the C 4 resonance are somewhat smoother for the refined mesh compared with the regular mesh. This is a clear indication that the mesh not only affects the position of the resonances but also the resulting distribution of the surface potential. Actually, the resonances between C 2 and C 5 , i.e., higher-order resonances, are more sensitive to the mesh setup. This is a direct evidence that higher-order modes pose computational difficulties, even for well-established numerical methodologies.
Historical Remarks: Plasmonic Resonances of a Cube (Years 1970-2004)
The first theoretical study of the resonant spectrum of a plasmonic cube was perhaps given in 1971 by van Gelder et al. in [10] , where the authors recognized the absence of a rigorous theoretical analysis on the subject. The main contribution of their article is the formulation of an eigenproblem in a variational analysis manner, corresponding to a normal-mode analysis for the spectrum of the cube. The estimated resonances are organized in Table 2 . A similar, but more complete analysis of the normal modes of a cube was carried out a few years later (1976 and 1977) by Langbein in [29, 40] ; the results of this study appear also in Table 2 . Both works have received little attention up to date.
Undoubtedly, a seminal contribution for the theoretical evaluation of a cube was given in 1975 by Fuchs [11] . This work is the second to appear (after van Gelder) , but the first to introduce interesting observations and sketches of the surface distribution of the most pronounced normal modes. Indeed, Fuchs observed and argued that the main six resonances are responsible for 96% of the observed plasmonic spectrum, deriving a corresponding sum rule to support his argument. Fuchs also draws the connection between even and odd modes. Since then, this work is a reference text that is cited by the majority of the contributions related to the resonant spectrum of a cube. The main resonances predicted by Fuchs are also given in Table 2 . Finally, the 1970s included a few interesting contributions for the wedge problem [43] [44] [45] [46] , and the polarization of a dielectric cube by Herrick and Senior [47] , which, however, did not touch the plasmonic resonant perspectives. While the 1980s were a rather silent period, in 1996 Ruppin repeated the calculations for a cube with improved accuracy, verifying qualitatively the results of Fuchs [30] . This work made obvious that the old techniques should be revisited and implemented in new computational platforms. At the same time, the book by Kreibig and Vollmer [48] was published, which is a seminal book for the developments in the optical properties of metal clusters, including the cube.
The 2000s and 2010s witnessed an increased interest on the plasmonic and dielectric properties of the cube, and generally the theoretical modeling of the plasmonic resonances. For example, works by Mayergoyz et al. [49] and Hohenester [50] opened the way for the systematic study of the numerical modeling of arbitrary plasmonic particles. The work done by Sihvola et al. [12] delivered several expressions of the polarizability of the Platonic solids, including the cube, for the dielectric domain [12] . Surprisingly, these expressions contained the approximative position for the main four plasmonic resonances [20] (see Table 2 ).
In parallel, many other interesting contributions appeared: Helsing and Perfekt refined the accuracy of the polarizability for the cube [17] and other interesting features of the cubes have been recently investigated [25] [26] [27] [51] [52] [53] . Finally, the works by Zhang [13] , Cortie [14] , Hung [15] , and Klimov [16] contain the visualization of the six resonances, evaluated with increased accuracy. In our article we use these four works as a reference for the analysis of the main resonant features of the cube.
Categorization of the Resonances
Before going into any details, we need to establish a comparative scheme that will facilitate the categorization of the surface potential exerted at the plasmonic range of a rounded cube. Fuchs, Hung et al. and Klimov et al. argued that there is a similarity between the modes on a plasmonic cube and the modes of a plasmonic wedge: both exhibit "even" and "odd" resonances. For a wedge, the even modes appear at the interval between 3 < # < 1, while the odd modes at 1 < # < 1/3. The cube is a solid with solid vertex angle of p/2, and hence it is intuitive to approach the cube as a 3D wedge problem.
Departing from the sphere, whose resonances reside at the 2 # 1 range, one observes that the superquadric perturbation causes either the redshift or the blueshift of a given resonance, with the actual physical mechanism being unknown. Since the amount of multipole resonances of a sphere is theoretically infinite, a cube also exerts infinite amount of resonances. These effects lead to the conclusion that the resonances can be associated with an even (redshift) and an odd (blueshift) parity.
Both smooth and sharp cases revealed resonances with surface distribution along their edge and face. At this point a reasonable question emerges: can we categorize all the resonances using any symmetry or other considerations? Hung et al. [15] proposed a simple characterization scheme that follows the number of the nodes, i.e., points between negative and positive surface potential distribution, at the three edges of cube, {N x , N y , N z }. For example, the first resonance of the p = 50 case C 1 reads f0, 0, 1g, second C 2 f2, 2, 3g and third C 3 f4, 4, 5g. However, this categorization suffers from two drawbacks. The first is that due to symmetry considerations of the excitation field, all resonances have azimuthal rotational symmetry. Hence N x = N y for all resonances and therefore the use of three nodal numbers is redundant. Second, this categorization cannot include resonances with edge-face (C 4 ) or face (C 6 ) distributions, since it only covers the nodes at the edges. Apart from [15] , there is no other work available in the literature that categorizes the resonances of a cube.
Here, we propose a new categorization scheme based on both mathematical and empirical considerations. First, a cube is a solid that belongs to the octahedral O h symmetry group: there are in total 48 symmetries, 24 due to rotations and 24 due to reflection/translation over certain axes. The available symmetries are further reduced due to the symmetries of the excitation. In our case, the excitation consists of a constant electrostatic field in the u z direction, exhibiting azimuthal symmetry. Hence we expect that the azimuthal surface potential variations should be azimuthally-symmetric. Moreover, we expect that the reflection symmetries of all planes perpendicular to the x-y plane should be preserved. In addition, we need to account for the variations on both edges and faces. Figure 4 depicts the proposed categorization scheme. We introduce four different vectors, fV 1 , V 2 , F 1 , F 2 g. The amount of nodes for each vector direction gives a specific number. For example the first six resonances for the p = 15 case are: C 1 : f1, 0, 1, 0g, C 2 : f3, 2, 1, 0g, C 3 : f3, 4, 1, 0g, C 4 : f1, 0, 3, 2g, C 5 : f0, 0, 3, 2g, and C 6 : f0, 0, 1, 0g. Similarly, the p = 50 case gives: C 1 : f1, 0, 1, 0g, C 2 : f3, 2, 1, 0g, C 3 : f5, 4, 1, 0g, C 4 : f3, 2, 3, 2g, C 5 : f0, 0, 3, 2g and C 6 : f0, 0, 1, 0g. Due to symmetry considerations, V 1 and F 1 contain always an odd number, while V 2 and F 2 contain an even number of nodes. Additionally, categorization number of the resonances below the clustering point # = 1 sum up to an even number since V 1 + V 2 + F 1 + F 2 is an even number. In a similar manner the categorization number of the resonances above the clustering point sum up to an odd number. This resembles the even and odd parity of the modes found in the 2D plasmonic wedge problem, where the sharpening of the angle of the wedge results in a redshift of the even resonances while odd resonances blueshift. In our considered case, even resonances redshift while odd resonances blueshift [16, 42, 44, 45] . We argue that for both cases, the resonances below the clustering point (# < 1) give an even categorization number, while resonances above the cluster point (# > 1) are characterized as odd.
One interesting feature of this observation is the following: departing from a sphere p = 1, where all resonances occur below the clustering point (# < 1), a rounded cube exhibits resonances that redshift and blueshift, i.e., spread above and below the clustering point [6, 54] . A similar phenomenon occurs for the spherical core-shell structures where the main symmetric dipole resonance redshifts and the secondary antisymmetric resonance blueshifts as the shell thickness decreases. We speculate that the even and odd resonances on a rounded cube share the same symmetric-antisymmetric property, i.e., even resonances redshift while odd resonances blueshift as the sharpness of the cube is increased.
Discussion and Conclusions
Equipped with the introduced categorization tool, we present an in-depth investigation of the nature of the surface potential distribution for both smooth and sharp cases. First, we define three main resonant regions, denoted as Cluster 1, 2, and 3, as shown in Figures 5 and 6 . Each cluster contains resonances that exhibit a certain character. Above each resonance the categorization number is given, described in Figure 4 . Please note that all resonances in clusters are more sensitive to modeling mesh density, than the main six resonances C 1 -C 6 .
In particular, Cluster 1 contains resonances with nodes across the edges. These resonances are of the form fV 1 , V 2 , 1, 0g, since due to symmetry reasons there is one node at the F 1 direction and F 2 is always zero. An interesting point is that all C 1 , C 2 , and C 3 belong to this category. We observe that the third resonance C 3 can be different with respect to the sharpness of the cube. For the smooth case we have C 3 = f3, 4, 1, 0g and the next resonance is C 31 = f5, 4, 1, 0g (see Figure 5) , while for the sharp case we have C 3 = f5, 4, 1, 0g with the resonance {3,4,1,0} being absent. This finding suggests that the development of the nodes at the edges of a cube is very much affected by its sharpness. It is also evident that higher-order modes belonging to Cluster 1 are extremely sensitive to the mesh density and sweeping parameter finesse. In the case of realistic materials most of these higher-order modes practically disappear from the spectrum, since the losses dampen significantly their amplitude.
The aforementioned finding can explain an observed discrepancy between the works of Zhang et al. and Cortie et al. [13, 14] , and Hung et al. and Klimov et al. [15, 16] . In the first case both works report a C 3 resonance with {3, 4, 1, 0} distribution, while the second case the C 3 resonance is {5, 4, 1, 0}. This apparent disagreement can be simply explained by the used sharpness, since [13, 14] used smoother cubes than the ones used in [15, 16] . Cluster 2 consists of resonances with essentially all possible variation in all four node vectors, as can be seen in Figures 5 and 6 . This region is also extremely sensitive to the meshing, revealing a few "pathological" surface distributions, which we characterize as spurious. The main resonance that belongs to this region with a somewhat significant contribution is the C 4 resonance. Its surface distribution, and therefore its characterization, depends on the mesh density as can be seen in Figures 5  and 6 . For instance, a smoother cube with regular mesh gives C 4 = f1, 0, 3, 2g, while the sharper case with a refined mesh exhibits a f3, 2, 3, 2g distribution. Cluster 3 spans above the clustering point # = 1. The resonances here exhibit distributions with variations only in the F 1 and F 2 directions, hence exhibiting an odd parity. Both smooth and sharp cases agree on the surface potential distributions of the most pronounced ones. These resonances can be seen as the equivalent of the antisymmetric resonances of a core-shell structure. This feature can be associated with a "self-hybridization" model for a solid particle, analogous to the core-shell hybridization concept [6, 55] .
Finally, we present a comparison between the four reference works, i.e., Zhang et al., Cortie et al., Hung et al., and Klimov et al. [13] [14] [15] [16] , and our current analysis for both smooth and sharp cases. The results are classified with the categorization scheme introduced earlier and are summarized in Table 3 . For the sharp case, the convergence of the leading resonant dipole peak C 1 (and the higher-order modes) is still an open problem, since the sharp negative-permittivity corner contains a singularity. For the moment it seems that the main dipole resonance converges at around # 4.5. It is also clear that different rounding factor values affect the appearance of the higher-order modes, especially for the {3, 4, 1, 0} and {5, 4, 1, 0} cases. In every case, the resonances appearing inside Clusters 1, 2, and 3 pose numerical challenges, since these resonances are sensitive to both rounding factor and meshing. The analysis presented by Hung et al. suggests the appearance of an extra resonance with a surface distribution similar to the C 6 = f0, 0, 1, 0g resonance. However, this resonance, denoted with C(?) in Table 3 , has been identified as a separate resonance neither in our analysis nor reported in previous works.
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